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Abstract 
A method for solving nonlinear problems on unsteady cavity flows within the framework of the model of 
viscous fluid is proposed. A solution to the nonlinear problem on the unsteady cavity flow past a cascade is 
presented. Based on linearization of the completely nonlinear solution, a system of equations for calculating the 
inducer transfer matrix can be obtained. 
 
1   Introduction 
Cavity flows of low-viscosity fluids are inherently unsteady (Knapp et al. 1970). The flow unsteadiness is due 
to pulsations of the fluid in the cavity closure region (Michel 1984) where the fluid velocity is far lower than 
the velocity of the mainstream flow. A high velocity gradient across the wake at a low pressure near the cavity 
results in fluid discontinuity and in the generation of vortices which form re-entrant flows. The flow pulsations 
are especially pronounced in flow regimes in which the cavity size is comparable with the size of the body 
being flown past (partial cavitation). In this case the cavity region is comparable with the region of detached 
flow in the wake, with the result that the pulsations in the wake have a greater effect on the upstream flow and 
on the hydrodynamic characteristics of the body being flown past than in the regime of developed cavitation. It 
should be noted that the regime of partial cavitation is widely encountered because at a small cavity size the 
time-average hydrodynamic characteristics change only slightly while the occurrence of flow pulsations and 
unsteady hydrodynamic forces drastically changes the dynamic properties of the flow as a whole and results in 
far higher dynamic loads on the body and in vibration. 

Two approaches are currently at hand in the theoretical study of unsteady cavity flows: one is based on 
methods of computational hydromechanics, and the other uses numerical-analytical methods for solving 
inverse boundary-value problems for an ideal incompressible fluid. 

The numerical methods for solving cavity flows on the basis of the Navier-Stokes equations have undeniable 
potentialities (Arndt et al., Kubato et al. 1992, Dieval et al. 1998). However, attempts to simulate the cavity 
flow medium which is actually discontinuous (because the vapor density is far lower than the liquid density) 
based on a model of continuous medium are rather tedious and involve, in the present state of the art, an 
approximate equation of state, which drastically affects the results.  

The numerical-analytical methods for solving inverse boundary-value problems assume the formulation of 
the problem within the limits of an ideal fluid. This brings the cavity closure problem which is responsible for 
introducing various artificial conditions in the cavity closure region, multiplicity of solutions and differences in 
the formulation of the partial-cavitation and developed-cavitation flow problems.  

The method proposed in this study makes use of the conventional approach for slightly viscous flows which 
consists in dividing the flow region into a region where the viscous properties of the fluid manifest themselves 
significantly and an external inviscid flow region which are connected with each other by strong interaction 
conditions. This approach makes it possible, on the one hand, to allow for the actual properties of the fluid in 
the cavity wake and, on other hand, to solve the flow in the inviscid region by using well-developed methods 
for solving cavity flows of an ideal fluid. In addition, the regimes of partial and developed cavitation can be 
considered within the framework of a single problem. The realization of the proposed method is based on 
developing a model of unsteady two-phase turbulent detached flow in the cavity wake and mathematical 
apparatus for solving nonlinear problems on free-boundary unsteady flows based on the theory of functions of 
complex variable. 

Karman was first to use the method of complex potential for solving nonlinear problems on unsteady cavity 
flows (Karman 1949). Up to now, this approach has not received further development for the lack of a direct 
method for solving inverse boundary-value problems in nonlinear formulation. A direct method for solving 2D 
inverse boundary-value problems was proposed in (Semenov 1998). This method makes it possible to find the 
complex velocity function and the derivative of the complex potential for nonlinear nonstationary problems on 
cavity flows as easily as the Sokhotski-Plemelj’s formula makes it possible to do it for linear problems when 
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solving Riemann-Hilbert’s problem.  
The unsteady cavity wake model presented in this paper is based on the flow equations in the boundary-layer 

theory approximation (Gogish and Stepanov 1979). This assumption is based on the fact that the wake 
thickness is not great in comparison with the characteristic length, and thus the pressure gradient across the 
wake can be set equal to zero. The conditions for interaction of the viscous and inviscid flows make it possible 
to obtain a unique solution to the problem and to study unsteady flows both for an unsteady inflow and for a 
steady inflow. In the latter case the flow unsteadiness is due to Strouhalian self-oscillations in the wake flow 
which are typical for most of cavity flows.  

For small amplitudes of the parameter perturbations, linearizing the obtained nonlinear solution of the cavity 
cascade flow makes possible a theoretical calculation of the pressure and flow rate oscillations at the inducer 
outlet, thus making it possible to calculate the inducer transfer matrix (Brennen and Acosta 1976) over a wide 
frequency range. It should be noted that the model of the dynamics of a cavitating pump (Pilipenko at al. 1977) 
which is based on the cavity flow model (Stripling and Acosta 1962) and includes some empirical coefficients 
makes it possible to calculate the dynamic pump performance up to 50 Hz to an accuracy sufficient for 
practical purposes. A more rigorous mathematical formulation of the unsteady cavity cascade flow problem 
within the framework of the linear theory of cavity flows made it possible to extend the frequency range under 
study and to simulate such types of cavity flow instability as rotating cavitation (Tsujimoto et al. 1993, 
Watanabe et al. 1998) and alternate blade cavitation (Horiguchi et al. 1999). A comprehensive overview of the 
mechanisms of high-frequency oscillations of the cavity flow in an inducer is presented Tsujimoto in the 
present Symposium. 

Further investigations will be aimed at developing an algorithm for solving the nonlinear integro-differential 
equations derived in this paper with the object of calculating the flow parameter oscillation amplitudes and 
allowing for nonlinear effects. The analysis of flight test data for different liquid-propellant rockets shows that 
under POGO oscillations the pressure oscillation amplitudes at the engine inlet are comparable with the 
average pressure. Because of this, the consensus presently is that under POGO oscillations of most importance 
are liquid-propellant rocket engine nonlinearities and primarily the nonlinearities involving pump cavitation 
(Pilipenko 1993, Natanzon 1977). 
 
2. Nonlinear problem on unsteady cavity flow. 
The two-dimensional unsteady cavity flow of a viscous incompressible fluid past a cascade is considered. By 
convention, the flow is divided into a viscous turbulent flow region downstream of the cavity and an external 
inviscid flow region, the cavity OC closing on the integral thickness of displacement of the viscous wake CD. 
The condition for strong interaction of the viscous and inviscid flows calls for the velocity at the inviscid flow 
boundary yδ being equal to the velocity at the outer boundary of the turbulent wake δ  and for the ordinate of 
the inviscid flow boundary being equal to the integral thickness of displacement of the viscous wake δ*.  
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Figure 1: Schematic of unsteady cavity flow past a cascade 
 

2.1  Solution for the external inviscid flow. The flow is detached from the edge of the profile at the point O. 
The shape of the cavity closure contour CD is not specified beforehand. Along the contour CD the velocity 
modulus function v(s,t) is specified. Here, s is the spatial coordinate along the closure contour and t is time. At 
the initial instant of time the flow is considered to be steady (or the unsteady flow parameters are specified). 
What is required is the boundary of the flow region and the flow in this region at subsequent instants of time 
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provided that the free boundary pressure and the inflow velocity v1 are given functions of time. The first 
quadrant is selected as the parameter region (shown in figure 1 is the complex-conjugate flow in the physical 
plane); the correspondence between the points of the physical plane and those of the parameter plane is shown 
in figure 1.  

The complex velocity for the unsteady flow can be obtained from the corresponding expression for the 
steady flow by multiplying it by the function  
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which is regular in the parameter region and provides the given value of the velocity modulus on the imaginary 
axis of the parameter region.  

Applying Chaplygin’s method (Gurevich 1965) for determining the zeros and poles, the final expression for 
the complex velocity can be written as 
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Here, v(η,t)  is the velocity modulus at the free boundary, i.e. on the cavity contour OC (0<η<i) and the cavity 
closure contour CD (i<η<∞); vc(t)  is the velocity modulus at the point O. Setting u=ξ or u = iη in expression 
(2), it can be seen that in the parameter region the expression for the complex velocity satisfies the nonpassage 
condition along the real axis and provides the given value of the velocity modulus along the imaginary axis.  

The expression for the derivative of the complex potential can be obtained similarly  
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Here, N(t)  is the scale factor; ( )sn vvarctan=θ  and vn(η,t), vs(η,t)  are the normal and tangential 
velocity components at the free boundary.   
From expressions (2) and (3) we can obtain  
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Integrating expression (3) in the parameter region allows one to calculate the shape of the free boundary at any 
time. Time appears in expressions (2) - (4) as a parameter. This reflects the fact that the streamlines are 
determined by the flow parameters at the current instant of time and do not depend on the history of the fluid 
flow. The conditions for the inflow velocity and cascade periodicity make it possible to determine the 
parameters a, N, u*.   
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The functions v(η,t),  θ(η,t) can be found from the dynamic and kinematic boundary conditions at the free 
surface. On the cavity closure contour CD the function ),( tv η  is determined from the solution of the turbulent 
flow in the cavity wake.  
Dynamic boundary condition. The Cauchy-Lagrange integral written for the point O and for an arbitrary 
point of the free surface in the physical plane is  
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The potential at the point O is set equal to zero, therefore ( ) 0/ 0

* =∂Φ∂ =ut . Passing to the parametric variable 
),( tsηη =  and the derivative of the potential in the parameter plane, we shall obtain 
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Here, [ ]ttsts ),,(),(* ηΦ=Φ , v is the velocity at the point ),( tss η=  and ( ) constts =∂∂ η is the velocity of 
motion of the point of the free surface which is due to the time dependence of the parameters appearing in 
expression (4). The potential ),( tηΦ at the free boundary can be obtained by integrating expression (3) along 
the imaginary axis of the parameter region 
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In view of expresiions (8) and (9), dynamic boundary condition (7) makes it possible to derive an 
integro-differential equation in the function ),( tv η . 
Kinematic boundary condition. Let us consider an element dz of the free boundary in the physical plane. The 
slope of the boundary at the current instant of time is ( )ηddziarg . The variation of the boundary slope at 
some point is due to the variation of the normal component of the velocity along the boundary, and thus we can 
write the following equation 
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For cavity flows the conditions vvn <<  are satisfied, and thus θ is small and θθ vvv sn ≈= tan . 
Determining ( )ηddziarg  from expression (4), substituting it into expression (10) and taking into account that 

),( tss η= , it is possible to derive the integro-differential equation in the function ),( tηθ   
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Thus the nonlinear problem of solving the unsteady cavity flow is reduced to the system of nonlinear 

equations (5) – (6) and the system of two integro-differential equations for determining the modulus and 
normal component of the velocity at the free boundary. To solve the problem, it is necessary to lay down 
conditions for calculating the velocity modulus at the boundary of interaction of the inviscid flow and the 
turbulent wake on which the inviscid flow boundary closes.  
2.2. Model of unsteady flow in cavity wake. When considering the wake flow, two characteristic flow regions 
can be set aside: a jet region of mixing of the high-velocity flow with the stagnation zone downstream of the 
cavity and a near cavity wake region. In the jet mixing region the velocity profile is still under formation, and 
thus the momentum can be ignored. In the near cavity wake the momentum must be allowed for because the 
velocity profile is completely formed and varies according to the transversal pressure gradient and the inviscid 
flow boundary.  
Jet mixing region. In the jet mixing region the velocity projection vx  is much less than the velocity 
projection v at the outer boundary of the mixing region. Thus we can ignore the convective terms in the X-axis 
projection of the momentum equation  
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Here, ρ0  is the density of the two-phase medium averaged across the wake. The tangential stress τ is 
determined by Prandtl’s first model of turbulence; χ is the turbulence factor and d is the characteristic 
dimension of the flow.  
The cavity length varies because of the fluid inflow into the cavity and the fluid outflow from the cavity. Thus the 
averaged velocity across the wake is related to the cavity length variation as 
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Unsteady near cavity wake. The flow in the near cavity wake is characterized by the velocity profile formed 
under the action of the longitudinal pressure gradient and by the shape of the inviscid flow boundary. In the 
turbulent jet theory (Abramovich 1984) the wake velocity profile can be described by the form parameter m and 
the universal function of velocity defect )(yf  
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where m=(vδ-v0)/vδ is the wake velocity profile form parameter, δ/yy = is the dimensionless coordinate 
across the wake, v0, v are Х-axis projection of the velocity on the wake axis and the velocity at  the outer 
boundary of the viscous region, respectively, and 132)( 23 +−= yyyf . In view of expression (14), the 
integral displacement thickness δ* and momentum thickness δ**  are 
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where ρρ /0=r  is the relative wake density. 
In view of adopted velocity profile (14), the wake flow is described by two functions v(x,t) and m(x,t). To find 
these functions, we shall use the Karman’s integral momentum equation for the unsteady wake obtained by 
integrating the momentum across the wake allowing for expression (15). Besides, we shall use the equation of 
flow on the hydrofoil surface (y=0) as a second equation 
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The turbulent viscosity is determined in accordance with Prandtl’s second model of turbulence 
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where χ is the turbulence constant in the near cavity wake and vmax=v and vmin =v0=v(1-m).  
In view of expressions (15), (16) and (17) can be recast into equations in the velocity at the outer boundary 
v(x,t) and m(x,t).  The density of the vapor-liquid medium ρ0 (r=ρ0/ρ) in the wake depends on the physical 
properties of the fluid, flow velocity, gasing, etc. In (Gogish and Stepanov 1982) a relaxation-type equation for 
time-average cavity flows was proposed. Following this concept, we can write for the unsteady cavity wake  
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where ,...),,,( QWeRedLL = is the density relaxation scale that depends on the characteristic linear dimension 
d and the dimensionless criterial parameters: the number Re, the number We and the relative gas content Q. The 
pressure in the wake is higher than the vapor pressure. Expression (19) reflects the fact that in the wake the rate 
of increase of density of an elementary volume of the medium is proportional to the speed and variation of the 
density in this volume from its equilibrium value. 

A computational algorithm for solving the nonlinear problem on unsteady cavity flow was developed for the 
specific case of the symmetric flow past a plate. The wake model included only the jet mixing region. Shown in 
figure 2 at the left are dimensionless time dependences of the coefficient of resistance Cx of the plate, the 
pressure factor )v)/(p2(pC 2

cHH ∞−= ρ  at the point H (this point is shown in figure 2 at the right) and the 
relative cavity length when the  cavitation number σ  increases as  shown in figure 2 at the left.  

Figure 2: Left: dimensionless time dependences at varying cavitation number. Right: response of the free 
boundary at varying cavitation number. 
 
 
The coefficient of resistance of the plate varies nearly synchronously with the cavitation number, and at t=1 it 
exceeds the value corresponding to the current cavitation number for the steady flow. The cavity length remains 
constant for t< lc/v0 and starts diminishing when the velocity perturbation at the free boundary reaches the 
cavity closure region and the cavity wake starts moving under the action of an added longitudinal pressure 
gradient. The Strouhal number determined from the transient that manifests itself as cavity length oscillations is 
Sh=0.05. In the calculations, the turbulent viscosity was set higher than it is by a factor of five to make the flow 
stable. Shown in figure 2 at the right are the contours of the free boundary (cavity boundary and integral 
thickness of displacement of the viscous wake δ*) at different instances of time when the cavitation number 
varies as shown in figure 2 at the left. 
 
3    Linearized solutions for small amplitudes of oscillation of the flow parameters  
Cavity flows are characterized by the cavity boundary motion velocity being much lower than the fluid velocity, 
i.e. vvn << . In addition, for the dynamic properties of the flow to be studied it will suffice to consider the case 
of small amplitudes of harmonic oscillations of the inflow parameters. In this case the parameters appearing in 
the solution will also have a small amplitude of oscillation. Thus the parameters appearing in the solution can 
be represented as  
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where barred symbols denote the steady-state values and swung-dashed symbols denote the corresponding 
perturbations of the parameters. The function 0)( ≡ηθ . In view of expressions (20), expressions (2) – (4), the 
system of nonlinear equations (5) – (6) and the system of integro-differential equations (7) and (11) can be 
linearized with respect to the velocity modulus perturbation at the boundary of the inviscid region and the 
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perturbations of the parameters appearing in the solution. To analyze the stability and dynamic properties of the 
cavity flow, the perturbations of the parameters appearing in the solution are represented as  ( )taa λexp~ )= , 

( )tNN λexp~ )
= , ( )tuu λexp~ ** )= , ( )tt ληθηθ exp)(),(~ )

= ,  )exp()(),(~),exp()(),(~ tuztuztvtv λληη )) == ,           

)exp()(),(~ tuWtuW λ
)

= , where, ωµλ j+=  is the Laplace variable, *,, uNa )))  are the time-complex 
amplitudes of oscillation of the parameters in the plane of the parametric variable u and the functions 

)(),( ηθη
))v  are the time-complex amplitudes of oscillation of the velocity modulus and of the normal 

component of the velocity at the free boundary. From expressions (4) - (5) with allowance for expressions (7) 
and (11), the characteristic equation for determining the Laplace variable can be derived and the natural 
frequencies of flow oscillation can be determined. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3: Left: effect of cavitation number oscillations on the shape of the inviscid flow boundary for inlet 
average cavitation number σ =0.045 and amplitude of oscillation σσ 3.0~ = . Right: effect of incidence angle 
oscillations on the shape of the inviscid flow boundary for inlet average cavitation number σ =0.065 and 
amplitude of oscillation incidence angle αα 1.0~ = . Both plotted against average incidence angle α=50 and 
inlet cascade angle β=150 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4: Left: frequency characteristic of the relative cavity length at different values of the cavitation number 
for inlet cascade angle β=150 , incidence angle α=50 and solidity τ=3.  Right: the cavity length and the 
Strouhal number vs. the cavitation number for the cavity flow past wedge (µ=600); squares denote the 
experimental dada (Young and Hall 1966). 
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Shown in figure 3 are the inviscid flow boundaries under harmonic perturbation of the inflow near the 
resonance frequency of flow oscillation. At ωt =0 the instantaneous value of the cavitatioin number has a 
maximum while the incidence angle has a minimum. It can be seen from figure 3 at the left that the variation of 
the cavity closure contour near the cavity from its mean position changes to opposite when passing the 
resonance frequency. A similar situation is also observed under harmonic variation of the incidence angle. This 
is due to the inertial properties of the fluid in the jet mixing region and near cavity wake. 

Shown in figure 4 at the left is the amplitude of oscillation of the cavity length normalized to the 
zero-frequency amplitude versus the oscillation frequency at different values of the cavitation number. The 
resonance frequency depends only slightly on the cavitation number, and the amplitude increases as the cavity 
number decreases. The Strouhal number that corresponds to the resonance frequency *ω  is 

( ) ( ) 072.02Sh 1
* ≈= vd πω . Shown in figure 4 at the right are the time-average cavity length and Strouhal 

number versus the cavitation number for the cavity flow past a wedge. The calculations were made by the 
method presented in this paper.  

 
4 Conclusion 
An analytical method for solving nonlinear 2D cavity flow problems is presented. The method makes it 
possible to investigate the dynamics of cavity flows with taken into account viscous wake behind the cavity and 
determine the unsteady hydrodynamic characteristics, stability and natural frequencies of cavity flows.  
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